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Abstract. We prove global existence of smooth solutions of the 3-D loglog 
energy-supercritical wave equation dttu — Am = — u 5 log c (£og(10 + m 2 )) with 
< c < tjIjt- and smooth initial data (u(0) = uq, dtu(0) = First we 

control the L\L Y2 norm of the solution on an arbitrary size time interval by 
an expression depending on the energy and an a priori upper bound of its 
L™H 2 (R 3 ) norm, with H 2 (R 3 ) := H 2 (M. 3 ) n H 1 (R 3 ). The proof of this long 
time estimate relies upon the use of some potential decay estimates H1 I12I and 
a modification of an argument in |17| . Then we find an a posteriori upper 
bound of the L^°H 2 (R. 3 ) norm of the solution by combining the long time 
estimate with an induction on time of the Strichartz estimates. 



1. Introduction 

We shall consider the defocusing loglog energy-supercritical wave equation 

(1.1) d tt u-Au =-/(«) 

where u : R x R 3 — > R is a real-valued scalar field and f(u) := u 5 g(u) with 
g(u) := log c (Zog(10 + u 2 )), < c < ^fr- Classical solutions of fll.lj) are solutions 
that are infinitely differentiable and compactly supported in space for each fixed 
time t. It is not difficult to see that classical solutions of (II. lj) satisfy the energy 
conservation law 

(1.2) E :=lf R3 (d t u(t,x)) 2 dx+y R3 \Vu(t,x)\ 2 dx + f R3 F(u(t,x))dx 

where F(u) :— J™ f(v) dv. Classical solutions of (jTTTJ) enjoy three symmetry prop- 
erties that we use throughout this paper 

• the time translation invariance: if u is a solution of (|1.1[) and to is a fixed 
time then u(t, x) := u(t — to, x) is also a solution of (jl.ip . 

• the space translation invariance: if u is a solution of (|1.1[) and xq is a fixed 
point lying in M 3 then u(t, x) := u(t, x — xq) is also a solution of (jl.ip 

• the time reversal invariance: if u is a solution to (jTTTJl then u(t,x) :— 
u(—t,x) is also a solution to (|1.1[) 

The defocusing loglog energy-supercritical wave equation (jl.ip is closely related 
to the power- type defocusing wave equations, namely 

(1.3) duu-Au =-|u| p - 1 u 

Solutions of (|1.3[) have an invariant scaling 

l 
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(1.4) u (t,x) -> u x (t,x) := -^-u(£, f) 

and (fTTBjl is s c := | - ^ critical. This means that the H Sa (R 3 ) x H S "- 1 (R 3 ) norm 

of (u(0), dtu(Q)) is invariant under scaling or, in other words, ||u A (0)|| i j Sc ( R3 ) = 

IK°) IIh*«.(E 3 ) and ll 9 t uA ( )ll^e-i(R3) = \\d t u(0)\\^ c - 1(R3) . If p = 5 then s c = 1 
and this is why the quintic defocusing cubic wave equation 

(1.5) dttu - An = -it 5 

is called the energy-critical equation. If 1 < p < 5 then s c < 1 and (jl.3p is energy- 
subcritical while if p > 5 then s c > 1 and (|1.3p is energy-supercritical. Notice that 
for every p > 5 there exists two positive constant Ai(p), A 2 (p) such that 

(1.6) ^i(p)\u\ 5 < \f(u)\ <A 2 (p)max(l,|«|f) 

This is why (jl.ip is said to belong to the group of barely supercritical equations. 
There is another way to see that. Notice that a simple integration by part shows 
that 

(1.7) F(u) ~^g{u) 

and consequently the nonlinear potential term of the energy J„ 3 F(u) dx ~ J K3 u G g{u) dx 
just barely fails to be controlled by the linear component, in contrast to (jl.5|) . 

The energy-critical wave equation (|1.5|) has received a great deal of attention. 
Grillakis [HIS] established global existence of smooth solutions (global regularity) of 
this equation with smooth initial data (u(0) = uq, 9 t u(0) = u\). His work followed 
the work of Rauch for small data [10] and the one of Struwe [15] handling the 
spherically symmetric case. Later Shatah and Struwe [T^] gave a simplified proof 
of this result. Kapitanski [5] and, independently, Shatah and Struwe [13j . proved 
global existence of solutions with data (uo,Mi) in the energy class. 

We are interested in proving global regularity of (|1.1[) with smooth initial data 
(ito, iti ). By standard persistence of regularity results it suffices to prove global exis- 
tence of solutions ueC ([0, T], H 2 (R 3 )j nC 1 ([0, T], i/ 1 (M 3 )) with data (u ,ui) £ 
H 2 (R 3 ) x H^R 3 ). Here H 2 (R 3 ) denotes the following space 

(1.8) H 2 (R 3 ) := i? 2 (M 3 ) ni/^R 3 ) 

In view of the local well-posedness theory [8], standard limit arguments and the 
finite speed of propagation it suffices to find an a priori upper bound of the form 

(1.9) \\(u(T),dtu(T))\\jj 2(Wi)xH10&3) < Ci (\\u 11^2(^3), ||ui||hi(r3), T) 

for all times T > and for classical solutions u of ([T7T]) with smooth and compactly 
supported data (uo,Ui). Here C\ is a constant depending only on ||uo||^2( R 3), 
||mi||jji(r3) and the time T. 

The global behaviour of the solutions of the supercritical wave equations is poorly 
understood, mostly because of the lack of conservation laws in H 2 (R 3 ). Nevertheless 
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Tao [17] was able to prove global regularity for another barely supercritical equation, 
namely 

(1.10) duu-Au = -u 5 log (2 + u 2 ) 

with radial data. The main result of this paper is 

Theorem 1.1. The solution of with smooth data (uo,u\) exists for all time. 
Moreover there exists a nonnegative constant Mo = Mo(||Mo||/j2( R 3), || jji (m 3 )) 
depending only on \\uo\\h^(r3) and l|ff 1 (R 3 ) such that 

(1-11) H u llL-if2(RxR3) + \\dM\L™m(RxR3) <M 

We recall some basic properties and estimates. Let Q be a function, let J be 
an interval and let to S J be a fixed time. If u is a classical solution of the more 
general problem dttu — Ait = Q then u satisfies the Duhamel formula 

(1.12) u(t) = Ui ;to (t) + Unl,t (*),*€ J 

with u^ to , u n i,t denoting the linear part and the nonlinear part respectively of the 
solution starting from to. Recall that 

(1-13) u ljt0 (t) = cos (t - t )Du(to) + si " {t D ta)D d t u{to) 

and 

(!- 14 ) u nltt0 (t) =-fl^^RQ( t ')dt 

with D the multiplier defined by Df{£) := |£|/(£)- An explicit formula for — ^ D Q(t ) 
and t ^ t is 

For a proof see for example [14]. We recall that u; ito satisfies d t tu^t — Ai^ to = 0, 
u i,t {to) = u(t ) and d t ui tto (t ) = d t u(t ) while u niM is the solution of d u u n i M - 
Awn^to = Qi u ni,t (to) = and dtu n ij (to) = 0. We recall the Strichartz estimate 

[a 011 ei 

(1.16) ||w|| L 9 L j ( j xR 3) < ||^tu(* )|U|(H3) + ||Vu(t )|U=(M3) + ||Q||lJLS(J X B3) 

if (q, r) is wave admissible, i.e (q,r) S (2, oo] x [2, oo] and | + f = f • 

We set some notation that appear throughout the paper. We write C = C(<xi, a„) 
if C only depends on the parameters ai,...,a„. We write A < _B if there exists a 
universal nonnegative constant C > such that A < C B. A = 0(B) means 
A < B. More generally we write A < ttl .... ttn B if there exists a nonnegative con- 
stant C = C(ai, a n ) such that A < C B. We say that C is the constant 
determined by < in A < ai ,..., a „ B if C is the smallest constant among the C s 



(1.15) 



sin (t-t )£> 
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such that A < C B. We write A << ai ,..,a„ B if there exists a universal nonnegative 
small constant c = c(ai, ...,a n ) such that A < cB. Similar notions are defined for 

A > B, A > 0l ttn _B and A >> B. In particular we say that C is the constant 

determined by > in A > B if C is the largest constant among the C s such that 
A > C B. If x is number then x+ and are slight variations of x: x+ := x + at 
and := x — (3e for some a > 0, /3 > and < e << 1. 
Let r + denote the forward light cone 

(1.17) T+ ={(t,x) :t > \x\} 

and if J = [a, 6] is an interval let F + ( J) denote the light cone truncated to J i.e 

(1.18) r+(j) :=r+n(JxR 3 ) 

Let e(t) denote the local energy i.e 
(1-19) 

e (*) : = hf\x\<t (dtu(t,x) f dx + ±J lxl < t \Vu(t,x)\ 2 dx + J lxl < t F(u(t,x))dx 

If u is a solution of (jl.ip then by using the finite speed of propagation and the 
Strichartz estimates we have 

(1.20) ||w|U|i E (r+(j)) ^ l|Vu(&)||i2 (ffi 3) + \\d t u(b)\\ L 2 {m + ||<2|| L i L 2(r + (./)) 
if (g, r) is wave admissible. If J\ := [01,02] and J2 := [02,03] then we also have 

(1.21) 

|[«lli?i;(r+(JO) ~ ll Vu ( a 3)llL2( R 3 ) + lldtuCas)!!!,^) + ||<9||ii£|( r+ (j lUj2) ) 
We recall also the well-known Sobolev embeddings. If h is a smooth function then 

(1-22) IWU~(R») < 11^11^2(153) 

and 

(1-23) \\h\\L»(R') < l|Vh|| L 2( K 3) 

If u is the solution of (jl.ip with data (u , u\) e ff 2 (R 3 ) x iJ 1 (R 3 ) then we get from 

ecu 

(1-24) E < ||«o||| a(B » ) max(l,||uo||^ a(RS) ff(||«o||fl a(B 8 ) )) 

We shall use the Paley-Littlewood technology. Let 0(() be a bump function adapted 
to {(£l 3 : |(| < 2} and equal to one on {(el 3 : |(| < l}. If (M, N) € 2 Z x 2 Z 
are dyadic numbers then the Paley-Littlewood projection operators Pm, P<n and 
P> n are defined in the Fourier domain by 



(1.25) 



== (sir))/® 
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(1.26) P<Nf(Z):= E PmHO 

M<N 

and 

(1.27) Q(6:= E P^fiO 

v ' M>N 

The inverse Sobolev inequality can be stated as follows 

Proposition 1. "Inverse Sobolev inequality" [16 Let g be a smooth function 
such that \\g\\jji(m3\ S an d \\P>n9 ||l|(r3) ^ V for some real number r] > 
and for some dyadic number N > 0. Then there exists a ball B(x,r) C IR 3 with 
r = O (-^f) such that we have the mass concentration estimate 

(1-28) I B ( x ,r)\9(y)\ 2 dy >V 3 E-ir* 



We also recall a result that shows that the mass of solutions of can be 

locally in time controlled 

Proposition 2. "Local mass is locally stable" [TH] Let J be a time interval, 
let t, t € J and let B{x,r) be a ball. Let u be a solution of Then 

t 1 - 29 ) (/ B( ., r , V)\ 2 dy) 1 = (/ fl( . iP) |«(t, y)| 2 dy) * + O (Si |t - t' |) 

Notice that this result, proved for (|1.5[) in [16], is also true for (jl.ip . Indeed the 
proof relied upon the fact that the L 2 (M. 3 ) norm of the velocity of the solution of 
(|1.5p at time t is bounded by the square root of its energy, which is also true for 
the solution of (O) ( by HHJ) and dUTJ) ). 

Now we make some comments with respect to Theorem 11.11 If the function g 
were a positive constant, then it would be easy to prove that the solution of (jl.ip 
with data (uq,U\) 6 H 2 (M. 3 ) x _ff 1 (IR 3 ), since we have a good global theory for 
(|1.5|) . Therefore we can hope to prove global well-posedness for g slowly increasing 
to infinity, by extending the technology to prove global well-posedness for (|1.5I) . 
Notice also that Tao, in 16], found that the solution u of (|1.5p satisfies 

(1-30) IMIziz^cuxR") ^^ 0<1> 

with i? the energy of u. The structure of g is a double log: it is, roughly speaking, 
the inverse function of the towel exponential bound in (|1.30[) . 
Now we explain the main ideas of this paper. 

In [16] . Tao was able to bound on arbitrary long time intervals the L\L X2 norm 
of solutions of the energy-critical equation (|1.5p by a quantity that depends expo- 
nentially on their energy. This estimate can be viewed as a long time estimate. 
Unfortunately we cannot expect to prove a similar result for ( 11.11 ) since we are 
not in the energy-critical regime. However we shall prove the following proposition 
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Proposition 3. "Long time estimate" 

Let J = [ii,i2] be a time interval. Let u be a classical solution of 11. Assume 
that 



(1-31) \Hl T h*{j*w) < m 

holds for some M > 0. Then there exist three constants Cl,o > 0, Cl,i > ano 
Cl,2 > such that 

• if E « — — (small energy regime) then 

g 2 (AO 

(1-32) IMIi*i«(jxR*) 

• if E > — (large energy regime ) then 



(1-33) 11^111^(^3) < (C Lll (B 5 (M))) 



193 225 



Cz,, 2 (S-3- + 9 -S-+(M)) 



This proposition shows that we can control the LfLl 2 (J x R 3 ) norm of solutions 
of (jl.ip by their energy and an a priori bound of their L^°H 2 (J x R 3 ) norm. We 
would like to control the pointwise-in-time if 2 (R 3 ) x i/ 1 (R 3 ) norm of u on an inter- 
val [0, T], with T arbitrary large. This is done by an induction on time. We assume 
that this norm is controlled on [0, T] by a number Mq. Then by continuity we can 
find a slightly larger interval [0, T ] such that this norm is bounded by (say) 2Mq on 
[0, T ]. This is our a priori bound. We subdivide [0, T ] into subintervals where the 
L\L 12 norm of u is small and we control the pointwise-in-time H 2 (R 3 ) x i? 1 (R 3 ) 
norm of u on each of these subintervals (see Lemma 2]) . Since g varies slowly we 
can estimate the number of intervals of this partition by using Proposition [3] and 
we can prove a posteriori that ||u(t)||jj 2 (n3) + ||5t M (*)lli/i(R3) is bounded on [0,T ] 
by Mo, provided that Mq is large enough: see Section^ 

The proof of Proposition [3] is a modification of the argument used in [16) to estab- 
lish a tower-exponential bound of the L\L 12 {J x R 3 ) norm of v, solution of (|1.5p . 
We divide J into subintervals Ji where the L\L 12 norm of u, solution of (jl.l|) . is 
"substantial" . Then by using the Strichartz estimates and the Sobolev embedding 
(|1.22[) we notice that the LfL^JyJi x R 3 ) norm of u is also "substantial", more 
precisely we find a lower bound that depends on the energy E and g(M). Then 
by Proposition [1] we can localize a bubble where the mass concentrates and we 
prove that the size of these subintervals is also "substantially" large. Tao [16] used 
the mass concentration to construct a solution v of (|1.5| that has a smaller energy 
than v and that coincides with v outside a cone. The idea behind that is to use an 
induction on the levels of energy, due to Bourgain [5] , and the small energy theory 
following from the Strichartz estimates in order to control the L\L 12 norm of v 
outside a cone. Unfortunately it seems almost impossible to apply this procedure 
to our problem. Indeed the energy of the constructed solution u is smaller than the 
energy E of u by an amount that depends on E but also on g(M) and therefore 
an induction on the levels of the energy is possible if the L^°H 2 (J x R 3 ) norm of u 
can be controlled by M, which is far from being trivial. It turns out that we do not 
need to use the Bourgain induction method. Indeed since we know that the size of 
the subintervals J; s is substantially large and since we have a good control of the 
L\L 12 norm on these subintervals it suffices to find an upper bound of the size of 
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their union in order to conclude. To this end we divide a cone containing the ball 
where the mass concentrates and the Ji s into truncated-in-time cones where the 
L\L^ 2 norm of u is "substantial". Let J\,J 2 ,... be the sequence of time intervals 
resulting from this partition. The mass concentration helps us to control the size 
of the first time interval J\. By using an asymptotic stability result we can prove, 
roughly speaking, that if we consider two successive subintervals Jj, Jj+\ resulting 
from this partition of the cone then the size of Jj+i can be controlled by the size 
of Jj : see (|3.35|) . But a potential energy decay estimate shows that if the size of 
the union of the Jj s is too large then we can find a large subinterval [t 1 , t 2 ] such 
that the L\L 12 norm of u on the cone truncated to \t t , t 2 ] is small. Therefore [t 1 .t 2 ] 
cannot be covered by many Jj s and one of them is very large in comparison with 
its predecessor, which contradicts Q3.35p . At the end of the process we can find an 
upper bound of the size of the union of the subintervals Ji s and consequently we 
can control the L\L 12 norm of u on the interval J. 

Remark 1.2. Throughout the paper we frequently use the x+ and x— notations. 
Indeed the point (2, oo) is not wave admissible. Therefore we will work with the point 
(2+,oo— ): see |5. 7| ) and |7.ff| j. This generates slight variations of many quantities 
throughout this paper. Sometimes we might deal with quantities like z := We 
cannot conclude directly that z = |-+. In this case we create a variation of y so 
small (comparing to that of x) that we have z — £+. These details have been 
omitted for the sake of readability. We strongly recommend that the reader ignores 
these slight variations at the first reading. 

Acknowledgements : The author would like to thank Terence Tao for suggest- 
ing him this problem. 

2. Proof of Theorem 11.11 

The proof relies upon Proposition [3] and the following lemma that we prove in 
the next subsection. 

Lemma 4. "Local boundedness" Let J — [ti,t 2 ] be an interval. Assume that 
u is a classical solution of Let Z(t) := \\(u(t), dtu(t))\\jj 2 (^a) xH i^3y There 

exists < e << 1 constant such that if 

(2.1) [[«IUf£«(JxK3) < 

then there exists C/ > such that 



ffMZ( tl )) 



(2.2) Z(t) < 2CiZ{ti) 
for t e J. 

We claim that the following set 

(2.3) T := |T e [0, oo) : sup t6[0J1 || (u(t), d t u(t)) ||^2 (E3)xJ? i (M3) < M ] 

is equal to [0, oo) for some constant Mo := Mo(||tto||^2( K 3), llff^R 3 )) large enough. 
Indeed 



£ T: clear 
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• T is closed by continuity 

• T is open. Indeed let T € T . Then by continuity there exists 8 > such 
that 

(2.4) sup te[0)T 'j || (u(t),d t u(t)) Hh^k^xH^K 3 ) - 2M o 

for every I 1 ' G [0,T + S). By ([02]) and (fT35|) we have 

(2-5) IM| 4 L 4 Li2([0i7 , ]xR3) <max(c L ,o,(C Lil £;. g (2Af ))^( s 4 * 8 + ( 2 ^») 

Let N > 1 and let ^(0) := max(Z(0), 1). Without loss of generality we 
can assume that Ci >> 1 so that 2C;Z(0) >> 1 and log c (2C;Z(0)) >> 1. 
We have, by the elementary rules of the logarithm and the inequality 
log c (2nx) < log c ((2n) x ) for n > 1 and x » 1 



N e 4 ^ e 4 

E s ((2C i )-Z ) ^ E log<=(log((2C ! ) £2 "Z:2"(0) + 10)) 
n— 1 n—1 
N 

> v i 

~ log c (2nlog(2C i Z(0))) 
n—1 

AT 

( 2 ' 6 ) ~ log'(2C,Z(0)) E log^Zn) 

n—1 

> i r 7V+1 i. w+ 

~ log-(2C,Z(0)) Jl log c (2t) 

> I f N+1 1 rf* 

> jvi 

~ log-(2C,Z(0)) 

By Lemma U (|2.5[) and (|2.6p we can construct a partition (J„)i<„<Ar of 
[0,T'] such that |M| L 4 L i 2(JnXM 3) = L j- — , 1 < n< TV, |ji|L4n2 (JjvXl 3) < 

i 6 - » < (2Q)™^(0) for t € Ji U ... U J n and 

1 / 193 i 225 i \ 

( 2 - 7 ) iog^z(o)) ^ max (^°< (C i ,iE 5 (2M ))^( £ 4 + * 8 + ( 2 ^))) 
Since c < we have by (|1 .24|) 

(2.8) 

logiV < log c (2QZ(0)) + log (C L ,o) + C L , 2 £^ + log 1 % i£+ log (10 + 4M 2 ) log (C LA E\og c log(10 + 4M 2 )) 



< log 



log(2C,) 



if Mq = Mq |^||mo||^2( R 3), ||iti||fl-i(K)^ is large enough. To prove the last in- 
equality in (|2.8[) it is enough, by using (|1.24[) . to notice that lim^o— >oo /(Mo) = 



with 



1 such as the product rule log (0102) = log (ai) + log (012) 
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(2-9) 

, . _ log c (2C i Z(0))+log(C I .,o)+C ii2 E i ^ + log a % i£ +log(10+4M 2 )log(C i , 1 £;iog c log(10+4M 2 )) 

/(Mo) ■ 



log 

Therefore we conclude that 



log (2Cj) 



i">irv\ su Pte[o.T'i \\i u i t )^ d Mt))\\ H2mxHim <(2Ci) N Z(0) 

( ] < M 

2.1. Proof of Lemma |4l By the Strichartz estimates (| 1 . 16|) . the Sobolev embed- 
dings (|1.22[> and ()1.23p and the elementary estimate |it 5 V (g(u)) | < \u 4 Vug(u)\ 

(2.11) 

Z(t) < Z{ti) + ||u 5 ff(w)||L t iL2 ([tl ^ ]xR 3 ) + ||u 4 Vug(M)|| L i L 2 ([tl t]xR 3 ) + \\u 5 V(g(u))\\ L i L 2 atl t]y 
< Z(t x ) + \\u 5 g(u)\\ L i L 2 atut]xR3) + ||u 4 Vug(u)|| i i L 2 ([tlit]xR3) 

+ ll U lll4 i 12 ([tl ^ ]xR 3 ) ||Vu|| i o= L 6 ([tlit]xR 3 )5 (||u|| irL oc ([tlit]xR 3)) 

<z(*i) + ii«iii fiia([tl>t]5<RS) 2(t)s(2(«)) 

Let Ci be the constant determined by the last inequality in (|2. 1 1|) . From (|2.ip . 
(|2.11[) and a continuity argument we have 



3. Proof of Proposition [3] 

The proof relies upon five lemmas that are proved in the next sections. 

Lemma 5. "Long time estimate if energy small" Let J — [ti,ta] be a time 
interval. Let u be a classical solution of 11. Assume that (1.31]) holds. If 



f* T) E « — 

then 



(3-2) ||U|| L 4 L 12 ( J XR 3) < 1 



Lemma 6. " If ||w||LfL 12 (jxR 3 ) non negligeable then existence of a mass 
concentration bubble and size of J bounded from below" Let u be a classical 
solution of (1.1]) . Let J be a time interval. Assume that (1.31]) holds. Let n be a 
positive number such that 

(3.3) v <~^~ 

V IMIl*li 2 (JxR3) > J] then 
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(3-4) \\u\\ LrL%( j xm >^+E-^ + ) 

Moreover there exist a point xq £ M. 3 , a time to £ J and a positive number r such 
that we have the mass concentration estimate in the ball B(xo,r) 

(3-5) f BM \u(t ,y)\ 2 dy > rf+E-V+h* 

and the following lower bound on the size of J 



(3.6) 



\J\ >rfE-i 



Lemma 7. "Potential energy decay estimate" Let u be a classical solution of 
i 1.1]) . Let [a,b] be an interval. Then we have the potential energy decay estimate 

(3.7) f lx[ < b F(u(b,x))dx <z(e(a)+ei(a))+e(b)-e(a) + (e(b)-e(a))i 



Lemma 8. " L\L 12 norm of u is small on a large truncation of the forward 
light cone" Let J = [t±, i 2 ] be an interval. Let u be a classical solution of \1.1}) . 
Assume that U.31]) holds. Let rj be a positive number such that 



(3.8) r) «min 

Assume also that there exists C? >> 1 such that 



(3.9) k (C 2 ^ 10 +7 7 -( 36 +)) 4C ^ 10+ "" (36+, i 1 
Then there exists a subinterval J = [t l , t 2 ] such that 

(3.10) IMIz*z«(r+(j')) < V 



c J 

- £ 10 +7T (36+) and 



Lemma 9. "Asymptotic stability" Let J = [ti,^] be a time interval. Let 
J = [ti, t 2 ] C J and let t S J/ J . Let u be a classical solution of il.l\) . Assume 
that [TJl\) holds. Then 



(3-11) 



< ES g S(M) 

^ 1 T 

dist 2 (i, J ) 



We are ready to prove Proposition [3] We assume that we have an a priori bound 
M of the L^°H 2 (J x R 3 ) norm of the solution u. There are two steps 

• If E « -r± — then we know from Lemma [5] that (fL~32l) holds. 
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Therefore we assume that the energy is large, i.e 



(3.15) 



(3-12) E 

We can assume without loss of generality that 



(3-13) IMIl*li 2 (jxR3) 



From (|3 . 1 3[) we can partition J into subintervals J\, Ji such that for 
i= 1,...,Z-1 



ET2 



(3-14) ||«||i*i«(j lX R») |; _ |W) 



and 



Before moving forward we say that an interval Ji is exceptional if 



(316) ll«I,ti[Uf£«(J 1 xR») + ll«I,t a ||i«£»(J 1 xR») > /ip + ^+N 

(C 3 Eg(M)) V ; 

for some C3 >> 1, C4 >> 1 to be chosen later. Otherwise J,; is unexcep- 
tional. Let £ denote the set of J i s that are exceptional and let £ c denote 
the set of nonempty sequences of consecutive unexceptional intervals Ji. 
By (TEH) , (gUll and (j3~T6)l 



193 1 225 



/ 193 , 225 , \ 

card (£) < £ 2 [0(Eg(M))]°( E ^ 3 ^ (M) ) 
< [0{Eg{M))\ 
Since card (£ c ) < card (£) we have 



< [0{Eg{M))} ^ +9 ^ + {M) ) 



(3.17) 



(3.18) 

/ 193 , 225 I \ / | 

IMIi^SV**.) < [0{Eg{M))]°K E 4 98 WJ^-^- +sup ^||u||^ 3(Xx 

Let if = Ji U ... U Ji t is a sequence of consecutive unexceptional intervals. 
If AT (if) is the number of J t s making K then by ([37T2]> . lpTT2|l . (f3TT5]) and 
(f3~18l) we have 

/ 193 + 225 , \ 

( 3 - 19 ) ||«||z*z»(jxr») £ (sup^iV(if)) [0(B 5 (M))]°^ T 9 ^ (M) ^ 

Therefore it suffices to estimate N(K) for every if = Jj D U....U Ji ± . We will 
do that by first determining a lower bound for the size of the elements Ji s 
and then by estimating the size of K. By (|3.12[) . (|3.14[) , (|3. 15[) and Lemma 
|6]there exists for i £ [io, ...ii] a (ti,ri,Xi) S (j^ x ( 0, 00) x R 3 ) such that 



2 The numbers and 22£ w ;n play an important role in 1 13. 451 
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(3.20) 



\ L, ,\u(t u y)\ 2 dy >^-^ 



and 



(3.21) \Ji\ 

Let k e [i , such that r k = min. s[ . o> H] r i7 let f(t,r,x) := ±? /g^,.) \u(t,y)\ 2 dy, 
let C5 be the constant determined by (|3.20|) . Let r = r (M) such that 



( 3 +) -( 3 +) 
r M 2 = CbJ ? V!? ; . Since f(t,r,x) < rM 2 we have f(t,r ,x) < C5i L U ' . 

The set A := {(t, r, x) : t £ K, r® < r < r k , x £ R 3 } is connected. There- 
fore its image is connected by / and there exists (t, f, 2) £ K x [r , r k ] x K 3 

such that f(t, f, x) = C5 ^ — - . In other words we have the following mass 

_ ' 2gi+(M) & 

concentration 



(3.22) ^f B( . f) u 2 (t,x)dx 



_ C & E (2+) 

i~ f\ « Vi u " 1 ' — 5~7 — 

'J//T ;.\/) 



Moreover we have the useful lower bound for the size of Ji, iq < i < i\ 



(3.23) \Ji\ >f4-^ 

gS{M) 

At this point we need to use the following lemma that we will prove in the 
next subsection 

Lemma 10. Let K be a sequence of unexceptional intervals. Assume that 
there exists (i, x, r) G K x R 3 x (0, 00) such that 

(3-24) ^J B(s f) u 2 (i,y)dy > E<i+)gi+{M) 

Then there exist two constants Cq >> 1, C7 >> 1 such that 

193 1 225 1 

(3-25) \ K \ < (C 6 Eg(M)f? E 4 9 8 (M) f 



Lemma [TU1 gives information about the size of K. We postpone the proof 
of this lemma to the next subsection. If we combine it to (|3.23[) we can 
estimate N(K). More precisely by Lemma ITOl (|3.23|) and (13.12|) we have 



Notice that we have the lower bound f > — s — 5 . One might think that the presence 

4Af 2 9 4+(A/) 

of f in 1 13. 231 1 is annoying since this lower bound is crude. However we will see that f disappears 
at the end of the process: see Q3.26| l. Therefore a sharp lower bound is not required. 
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(3.26) 



N f K ) < (C 6 Eg(M))-T* « 



193 i 225 i 
C 7 E 4 +g 8 i "(M)- 



,6 (M) 



193 225 



< (0(Eg(M))) O{E ^ 9 ^ {M)) 
Plugging this upper bound of N(K) into (|3.19[) we get (|1 .33|) . 

3.1. Proof of Lemma 1101 By using the space translation invariance of 
(jl.ljl we can reduce to the case x = Q By using the time reversal invari- 
ance and the time translation invariance^ it suffices to estimate \K n [i, oo)\. 
By using the time translation invariance again we can assume that t = r 
and therefore f £ K. Let K + := K n [f, oo). We are interested in estimat- 
ing \K+\. We would like to use Lemma [8] Therefore, we consider the set 
T + (K+). We have 



(3.27) 



-(1+) 



Therefore by Proposition [5] and (|3.27[) we have 



(3.28) 



f B(m \u(t,y)\*dy >^ S+, ' J 



if (f - f)£3 < ^4 



ff 8+(M) 

exists < Ci << 1 small enough such that 



9 4 + (M) 



for some cq << 1. Therefore by Holder there 



(3.29) 



(3.30) 



r,r+— 



-(*+), 



^+ — 



i Cl T5 - 

g 32 (M) 



lL«£j»(r+(jf + )) < ci 



K+ C 



- 2"5 

g33(M) 



r, r + 



In this case we get from ( 13.291 ) 

+ 



and, using also (|3.12p , we get (|3.25p . 

ll«IU|i^ (r+(K+)) 

following number 



— IMIz^L^fT+CftriD > ci ^ B . In the sequel we denote by r\ the 



(3.31) 



n 



a E Vie 



(M) 



4 we consider the function ui(t, x) = ie — 5;) and we abuse notation in the sequel by writing 
ui for u 

we consider the function ui(t, x) := u(2i—t, x) and we abuse notation in the sequel by writing 
U2 for u 

^we consider the function u^it, x) := u(t + (F — f) , x) and we abuse notation in the sequel by 
writing u-j for u 
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and we divide T+(K+) into consecutive cone truncations r+(Ji),. 
r + (Jfe) such that for j = l,..,k— 1 



(3.32) 



n 



and 



(3.33) 



(3.34) 



We get from ([3~29]) 



Ji C 



coB"(l + )r 



r,r+ — s- 

gS + (M) 



(3.35) 



Now we prove the following result before moving forward 
Result 1. If j G [1, k — 1] we either have 

<iJ,r 4 £M(M) 



(3.36) 



193 I 225 | 

|J,-| > (C 6 Eg(M)f 7E 4 ff 8 (M) f 



/or some constants Cg >> 1, C7 >> 1. 
Proo/. We get from fOIj) . (l3~T2"j) and ([331"]) 



(3.37) 

ll u -^,i 3+ illL^ (r+( j 3)) £ ll^ffHIIiiL^r+^uJAi)) 

^ll M4 llL;L3 (r+( j 3Uj ; +l)) h5*(«)ll LrL 6 (r+(j3Uj/+l))5 ^A^) 

<ry 4 £;s ff §(M) 

<< 7? 



(3.38) 



with J, = [tj-i,tj]. Therefore by ([3321) we have \\ui t t j+1 \\j j 4 Ij i2^Y + (j j )) ~ *7- 
This implies that 

\\ui, tj+1 — «i,ta lli*ii»(r + (Ji)) ~ ^ 

or 



(3.39) 



(3.40) 



ll«I,t 3 ||j;4£ia(r + (j J )) ^'7 

— Case 1: \\ui t t j+1 — u im \\L*L 12 (r (j. )) ~ 7 ?- By Lemma[S]and Holder we 
have 



\\ui, tj + 1 ~ M i,*2lli4 i 12 (r+( J j)) < |Jj|* IK* J + 1 - M i,*2llL-L12 (r+ (J J )) 



< 



\ J j\ 4 \Wi,t J+1 - U/,t 2 |l 



< |J,-|i£;§ g A(M) 
~ |J j+1 |i 



\\ui, t]+1 -UM2II 



L-L6(r + (^)) 
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We get (13351) from (j338)l and (l3~40l) . 

- Case 2: IK* J^o^^.)) > In this case \\ui,t a ILfi"^) ~ *7- 
Recall that if + is a subinterval of if = Jj U .... U Jj i; sequence of 
unexceptional intervals Jj, io < i < i\. Consequently there are at least 

193 225 | 

~ fj (C^,Eg{M)) CiE 4 98 M ' intervals Jj that cover Jj. Therefore 
we get (j33Bl) from ([3~23]) and ([3~T2]l . 

□ 

Using Result [T] and Lemma [8] we can get an upper bound on the size 
\K + \ 

Result 2. We have 
(3-41) \ K+ \ <(C e E 9 (M)f< El¥+9W ^ M) )f 



/ 193 1 225 1 \ 

Proo/ Let B := (C 6 Eg{M)f 7 \ E 4 9 8 { ') . Assume that (ETUI) fails. 
Let Jj ± be the first interval for which \J\ U .... U JjJ exceeds Sr. Then 
ji 7^ 1, I < \Jj 1 -i\f]~ A Ei g^(M) and we have 



(3.42) K }l ^Kl|-r--r|^il 

> Sf 

if [Ti,T 2 ] := J 2 U ... U J^-i. Therefore by (j3~T2"l) and (|3~42|) we have 



(3.43) T 2 - Ti > ^^lasf 

9 3(M) 

_(5 + \_ 

Moreover Ti < f + CljE s f . Therefore by (l3"T2l we have 

9 s+(M) 

(3.44) T x =0 (f) 
By (|3~43f and (|3~44|) we have 

(3.45, J >(ft^ + (f)- <36+ ') " (l> 

with C 2 defined in LemmaEl provided that Cq, C7 >> max (ci, C2). There- 
fore we can apply Lemma [8] and find a subinterval [t x , t 2 ] C J2 U .... U Jj 1 -i 
~ £lo+^-(36+) and llull^^!^^, ( , ]} < |. This means that 

[^1,^2] C [Ti,T2] is covered by at most two consecutive intervals. It is 
convenient to introduce [ti,t 2 ] g , the geometric mean of t 1 and t 2 . We have 
[t 1 ,t 2 ] g ~ f/~ 18 E 5 t 1 . There are two cases 
— Case 1: \t-y,t 2 \ is covered by one interval Jj — [oj,6j], 2 < j < j± — 
1. Then |Jj| > ^-(36+) jE .io+ t ' i and jj^i < ^ Therefore |Jj| > 
jj-(36+) £ .io+|J,_ i |_ Contradiction with (l3~T2l and (jX35)l . 



with 
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— Case 2: \t x ,t^\ is covered by two intervals Jj = [aj,bj} and Jj +1 = 
[aj +1 , bj + i] for some 2 < j < j\ — 2. Then there are two subcases 

* Case 2.a: b- } < [t'^t'^g. In this case |Jj +1 | > fp( 36 +) E w+ t x 
and \ jj\ < fj-'- ls+ ^E 5+ t 1 . Therefore by (^12]) we have \J- j+1 \ > 
fj-( 18 +)E 5 +\jj\. Contradiction with (|3~T2f and ([335]) . 

* Case 2.b: bj > [t'^Qg. In this case by (|3~T2f |Jj| > fj-^ 18 ^ E 5+ t[ 
and |J 3 _ X | < ^. Therefore |Jj| > tT (18+) -E 5+ | Jj_ x |. Contradic- 
tion with (|3~T2|) and (f3735]) . 

□ 

Remark 3.1. It seems likely that we can find a better upper bound for \K + \ 
than \3.4ty by exploiting Lemma in a better way. For instance we can 
consider k successive time intervals Jj+i, Jj+k, k > 1 and prove an 
estimate like 

(3-46) |J J+1 | + |J J+fc | < iJjlr^VtM) 

This estimate is stronger than i3.35\) . We can probably find a smaller B 
such that ^3.45^ holds with f] substituted for something like kfj and, by 
modifying the argument above, find a contradiction with \3.4ty - At the end 
of the process we can probably prove global existence of smooth solutions to 
fZHP for < c < Cq, with c > ^§5 to be determined. We will not pursue 
these matters. 

4. Proof of Lemma [5] 
Applying the Strichartz estimates and Holder inequality 

(4.1) 

IMlLfLi2(JxR3) ^ Ei + ||u 4 || i i i 2 (JxR 3 ) ||M 5 3(u)|| LrL 6 (JxR 3 ) || ff S(u)|| LrL oo (JxR 3 ) 

<^+^.gf(M)|| u || 4 L ^ 2(JxR3) 
Hence (13.21) by (|3.1|) and a continuity argument. 

5. Proof of Lemma [6] 

Let J = [t 1 ,t 2 ] C J be such that |M| £ 4 L i2(j' x e 3 ) = V- Then by (|1.22p and ()3.3|) 

(5.1) 

Wf( U )\\LlLi(j'xW>) ^ ll u .9^(w)llL-L6(j'xR3)||M|| £ 4 i i2 (J ' xK 3 ) l|g«(w)llL~L~(,/'xR3) 

< E^rf 1 gt (M) 

< E^ 

It is slightly unfortunate that (2, 00) is not wave admissible. Therefore we consider 
the admissible pair ^2 + e, ^±£l^ with e « 1. By the Strichartz estimates and 

(EU) 
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(5.2) 

INI , M 6(2 + , ^\\Vu(t[)\\ L 2 m + \\u(t[)\\ L 2 {M3) + \\f(u)\\ L l L2(fxR3) 

L t + e L m ' (j'xR 3 ) * * ' 

< 

Moreover let N be a frequency to be chosen later. By Bernstein inequality and 
([T7F]) we have 

(53 \ ll p <wu|| L 4 L i2 ( , /xR3) < Ni\j'\i\\u\\ L? , L e ( f xR3) 

1 ' ; <Ni\j'\iEi 

Therefore 

(5-4) \\P<Nu\\ L}LlHfxR3) <\f\iNiE L e 

Let c 2 << 1. Then if N = ck ^ a we have 

(5-5) H^>iV u llL*L^ ( j'xB3) 

and 



(5-6) IMIl?L12(j'xR3) ~ ll-^^llifii^/xKS) 

By pT2]) . (153]) and JUSJ) we have 



r? ~ ||-P>jvw|L|ii2(j' xR 3) 

(5.7) S ll p >^ll^ i M (j/><R3) ll p >^trS(y' X E3 ) 

<£; 2 * £ ||p> A r U ||^ (J , xR3) 

Therefore we conclude that \\P>n\\ (j 1 xr 3 ) ~ ^ 2+ -E~^ 5+ '- Applying Proposi- 
tion [T] we get (|3"3|) . 

6. Proof of Lemma [7] 

Bahouri and Gerard ( see [I], pl71 ) used arguments from Grillakis [H [5] and 
Shatah-Struwe [12] to derive an a priori estimate of the solution u to the 3-D quintic 
defocusing wave equation, i.e d u u — Am + u b — 0. More precisely they were able 
to prove 

(6.1) / N < b \u(b,x)\ e dx < f (e(a) + e*(a)) + e(6) - g(o) + (e(6) - S(a))* 
with 

(6.2) e(t) -.= \! M ^d t uf dx + \^ t \Vu\^dx + \j [A ^dx 

Since we apply their ideas to the potential / we just sketch the proof. Given the 
cone r+([a, b}) we denote by dT+([a, b]) the mantle of the cone r+([a,6]) i.e 
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(6.3) dT + ([a,b\) := |(t',a;) € [a,b] x M 3 , t = 

The local energy identity 



(6.4) 



*(&)-e(a) =a^/ar + ([a,6])| — 



— ^V.| +^/ flr+([9>iD F(«) 

results from the integration of the identity dtu (dttu — Am + /(«)) = on the cone 
r+([o,6]). We have ffU 

(6.5) 

<9 t (|(9 t u) 2 + ||Vu| 2 + (i.V«)9 f u + tF{u) + ud t u) 



iv (tVud t u+ (x.Vu)Vi 



div 

: 



|Vlt| x , (d±u) x 



xF{u) + uVu) + uf{u) - 4F(u) 



Integrating this identity on T + ([a, b]) we have 

(6.6) X(b)-X(a)+Y(a,b) = / r+([o , 6]) 4F(«) -«/(«) 

with 



(6.7) 
and 

(6.8) 
y(a,6) 



*(*) : = J|x|<t K 9 *") 2 + §1 Vu l 2 + ( X -Vu)d t u + tF(u) + ud t u 



V2 /ar+([ a ,6]) 



£(d t u) 2 + §|Vu| 2 + (x.Vu)d t u + tF(u) + ud t u + t^fd t u + 
|x|F( M ) + U ^ 



In fact (see [12]) we have 



(6.9) 

*(*) =/ w < t * 



Vti + fr? 



9 t tt(i.V« + «) + tF(u) - Jj^ 



Since t = \x\ on dT + ([a,b)) we have 
(6.10) 

r(o, b) = / er+([a , 6]) k|(5 tU ) 2 + 2(^.v u )a tU + M a tU + + u 

and after some computations (see [12] ) 



(6.11) Y(a,b) ^-^/^^I^+^.^ + ^ + J^^-^^^ 
Therefore if 



(6.12) H(t) :=J {xl < t t 
then 



+ d t u(x.Vu + u)+ tF(u) 
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(6.13) 

H(b) H(a) = j= | ar+([0)6]) \ (td t u + Vu.x + uf + J r+{[a b]) 4F(u) - uf(u) 
We estimate H(t), following pQ. We have 



(6.14) 



\d t u(x.\7u + u)\ <U(d t u) 2 + 



< t ({d t uf + \Vu\ 2 + ^) 
Therefore by (|6.14[) . Holder inequality and Q1.7P 



(6.15) 



m s*f«(*)+./i.i<«i£) 
M e w+a N <*« 6 )^) 

t (e{t)+ei(t)) 
Moreover by (|6 .4|) , Holder inequality and (|1.7|) 



< 
< 



(6.16) 

4= Lr n 7 (tdtu + Vti.a: + u) 2 < -K L r n , n (^ + <9 t u) 2 + -A= f„ p ,. 

^2 JdT + {[a,b\) t V t ; 2v ^ Jdr + ([a,b]) V t 1 / 2V2 J 9r + ([a. 



*>]) 



b f d r +{[ a M )\T d t u + ^\ 2 + ^(f i 
6((e(6)- e (o)) + (e(6)-e(o))i) 



ar+([a,b]) 



We get from (fL?) 



(6.17) 4F(u) - u/(u) < 

By ([633]) . (EH}, (j6~T6l) and (j6T7f we have 



Jl.,<^(«) ^ 



(6.18) 



f (e(a) + e*(a)) + e(6) - e(a) + (e(6) - e(o))* 



7. Proof of Lemma [8] 
The proof relies upon two results that we prove in the subsections. 



Result 3. Let u be a classical solution of Assume that 11.31)) holds. Let r\ 

be a positive number such that \3. 3)) holds. If ||m||_l4l 12 (T + (j)) ^ V then 



(7.1) 



\U\\L?Ll(T + (J)) £ V 



Result 4. Let u be a smooth solution to il.l)) . Assume that I) 1.31)) holds. Let i] be 

a positive number such that 
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(7.2) 



i] < min ( 1, Ew^j 



Let J = [ti,ta] be an interval such that 
exists a subinterval J = [t 1 ,t 2 \ such that 



tx,t x {Er,- 

- Erj~ 18 and 



C J. Then there 



(7.3) 



Let Cg be the constant determined by > in (|7.ip . Let Cio be the constant 
determined by < in (|7.3|) . We get from 



(7.4) 

h, h [e 









( CW + JirO 




\ 2Cio 







2C'io 



c 



ti, C 2 (£; 10+ r/-( 36 +)) 4C ' 2Bl0+ ^ (36+) fi 



if C% » max(Cg,Cio). Therefore, since CoV ^ - 



C J 



satisfies flTU) by (|3T5]| . we 



can use Result [4] and show that there exists a subinterval J — [t 1 , t 2 ] such that 
- £io+r,-(36+) and 



(7.5) 



lull , < g 9 7? 2 + -E l^do 



-(*+)< 

2Cio 

„2+R-(^+) 



^9" 2 

Now we claim that |[ , w|jx r '*x, 12 (r (./')) — V- ^ n °t by (|3.8p and Result [3] we have 



( 7 - 6 ) IKILfiKr, i./'i) 

Contradiction with (17.511. 



f)) >C 9 ^+E-^ + ) 



7.1. Proof of Result [3J We substitute j' for T + (j') in (J5TTJ) to get 



(7.7) 



\\f(u)\\ 



L\Ll(T + {f)) 



< Ei 



By the Strichartz estimates (|1.20[) on the truncated cone T + (J ) we have 



(7- 



Lt - (r+(j')) 



after following similar steps to prove (|5.2j) . Therefore 
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V = 



ll u ILfL^(r + (J)) 

2 + e 



(7.9) < IMIT" stMii } u h? L e(r + (j')) 



2 + e 



Therefore (fTTIj) holds. 



7.2. Proof of Result [4j By (|7.2[) we have Erj 18 > 1. Let n be the largest integer 
such that 2n < 4Er]~ 1& . This implies that n > Ei]~ 1& . Let A := Er^ 18 . Now 

we consider the interval [t x ,A 2n ti] C J. We write [ti,A 2n ti] = [t u A 2 t x ] U U 

[A^^Hi, A 2n ti]. We have 

(7.io) Er=i e (^ 2i *i)- e (^ 2(i_i) *i) < 2 # 

and by the pigeonhole principle there exists io G [1,ti] such that 



(7.11) e (A 2io ti) — e (A 2 ( io_1 )ii) < ry 18 

Now we choose a := A 2 ( io_1 )fi and 6 <E [A 2 * 0-1 *!, A 2i °ii]. Let t' x := A 2 ( io ~%i, 
<2 := A 2l °~ 1 t 1 and j' := [t' 1; 4]- We apply (HT7J) and (O to get 



iLri^r+d*;,*;])) 



(7.12) 



< 



< 
< 



\\F(u) 



\Lf>Ll(r + ([t' lt t' 2 ])) 



(E-h^iE + E^] 



V 
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8. Proof of Lemma O 
We have after computation of the derivative of e(t) 

(8.1) dte(t) >J ]xl=t F(u)dS 
and integrating with respect of time 

(8.2) fJ^g^u^t'^^dSdt <E 
By using the space and time translation invariance 

(8.3) J } J lx ,_ xMt ,_ tl g(n)u e (t',x')dSdt <E 
Therefore <|TTIg]i . (fL22| . (fO]) and Holder inequality 
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(8.4) 



r sin (t—t )D i \ K j,' 

Jj' — j g(u) w b di 

Jl*'-x|=|t'-*| s*( u ) " 8 S* (u) dSdt 
S fj' WT\ (iix'-x|=| t '-*l " 6 S( u ) dS ) § (^--Nlf-tl g(u) dS ) 1 *' 

<^(M)/ y ^ ^_ l|=|t( _ t| A(«)rfs) f 
< g hM) — ^ — 

dist2(t,f) 



Notice that 



(8.5) U (t) = u Iit4 (t) - £ ^(y )D tf(i>)g( u tf))ti! 

for i = 1,2. We get (pTTT]) from (H3J) and ([875]) . 
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[5: 
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[< 

[s; 
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